Our remarks here are designed to provide members of the Conference, and others, with brief introduction to the sheaves on manifolds, differential complexes, sheaves complexes and categories with its application to topological field theories and D-branes. We shall limit our discussion, in particular, to Chern-Simons and BF theories and some examples of A-brane and B-brane models. This introduction should prepare readers for quite more ambitious discussions found in recent literature. The role of cohomological methods in physical theories will continue to grow as it has grown in past years. In particular it will be an indispensable tool for topological theories of gauge, strings and branes.
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Sheaves on manifolds
A preheaf. A presheaf F on topological space X consists of the following data:
• For every open set U ⊂ X one can associate an abelian group F (U).
• If V ⊂ U are open sets then a restriction homomorphism occur r UV : F (U) → F (V ).
The following conditions hold: (i) F ( / 0) = 0; (ii) r UU is the identity map; (iii) If W ⊂ V ⊂ U then r VW r UV = r UW . For the restriction r UV (P), P ∈ F (U) we use the notation P| V . An element of F (U) is called a section of F over U, while an element of F (X) is called a global section.
A sheaf. A presheaf F is called sheaf if for every collection U j of open subsets of X with U = j∈I U j the following axioms hold:
A1. I f P, Q ∈ F (U) and r UU j (P) = r UU j (Q) ∀ j, then P = Q. A 2. If P j ∈ F (U j ) and if for U j U j = / 0, r U j ,U j U ℓ (P j ) = r U ℓ ,U j U ℓ (P ℓ ) ∀ j, then there exists an P ∈ F (U) such that r U,U j (P) = P j , ∀ j. (1.1) Let F and E be presheaves over X, then a morphism of presheaves α : F → E is a collection of maps α(U) : F (U) → E (U), satisfying the relation r UV α(U) = α(V )r UV . Morphisms of sheaves are morphisms of the underlying presheaves.
Coherent sheaves. Let Y be a complex manifold. A sheaf F over X is called a coherent sheaf of O-modules if for each x ∈ X there is a neighborhood U of x such that there is an exact sequence of sheaves over U:
Differential complexes
We recall some definitions of differential complexes to be used in the following. De Rham, Dolbeault andČech complexes we shall discuss are examples of the differential complex. A direct sum C • = ⊕ k∈Z C k of vector spaces C k indexed by integers k is called a differential complex if there are homomorphisms
such that δ 2 = 0. The homomorphism δ is called a differential operator of the complex C • . Elements c k ∈ C k are called k-cochains. Let us consider the space
Elements z k ∈ Z k are called k-cocycles while Z k is called the space of k-cocycles. The space [1] .) The cohomology of the differential complex C • is the direct sum of the quotient spaces H k , and has the form H • = ⊕ k∈Z H k .
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De Rham complex. Let X be a differentiable (smooth) manifold of real dimension n, Ω k (X) is the space of smooth k-forms on X and d is an exterior derivative:
Then we have the de Rham complex
In the language of differential complexes closed and exact k-forms are called de Rham k-cocycles and k-coboundaries, respectively. The 
Consider a sequence of homomorphisms
is the space of∂ -closed (p, q)-forms, i.e. Dolbeault q-cocycles in the language of differential complexes, and let
PoS(IC2006)054
Topological field theories, branes, morphisms and categories
is called the Dolbeault cohomology of Y . Cech complex. We turn to the construction of theČech cohomology following the lines of the books [2, 3] . For any smooth n-dimensional manifold one can choose an open covering U = {U α } α∈I such that each nonempty finite intersection of the open sets U α is diffeomorphic to an open ball in R n (or biholomorphic to a Stein manifold for the case of complex n-manifolds). Such a covering will be called a good covering. For a good covering the Poincaré lemma holds on each finite intersection of the open sets U α , α ∈ I. An ordered collection
Let us consider the space S of forms of a particular type defined locally on various open sets. Depending on the structure of manifolds (smooth or complex-analytic) this may be the space of smooth k-forms, holomorphic (p, 0)-forms etc. In other words, we consider various sheaves of forms over manifolds [2, 3] . 
and [α 0 ...α m+1 ] means antisymmetrization with respect to the indices α 0 , ..., α m+1 . The operator δ is called a coboundary operator. Since ρ α ρ β = ρ β ρ α , we have δ 2 = 0. Therefore, one can consider a sequence of homomorphisms 
the space ofČech m-cocycles, and by
where two distinct elements of Z m (U, S ) are regarded as equivalent in H m (U, S ) if they differ by
Topological field theories, branes, morphisms and categories A. A. Bytsenko a coboundary. We call H m (U, S ) the m-thČech cohomology space of the covering U with coefficients in the space S . The direct sum
is called theČech cohomology of U with coefficients in S . The result depends to some extent on the choice of covering U, but for a good covering this dependence disappear (for proof see e.g. [2, 3] ).
Complexes of coherent sheaves. Let F • denote a complex of coherent sheaves,
Here δ j δ j−1 = 0; for details we refer the reader to the book [12] . Cohomology groups of the complex F • can be defined as follows:
phism α is said to be a quasi-isomorphism if H(α) is an isomorphism. For homotopy equivalent morphisms α and β one gets H(α) = H(β ).
Isomorphisms of cohomologies
For a differentiable n-manifold, we denote by Ω k the space of locally defined k-forms and by C ⊂ Ω 0 the space of locally constant functions. For a complex n-manifold, by Ω (p,0) we denote the space of locally holomorphic (p, 0)-forms, and by O = Ω (0,0) the space of locally holomorphic functions. In other words, we consider the sheaves C , O of locally constant functions and locally holomorphic functions respectively, and the sheaves Ω k , Ω (p,0) of forms.
Theorem 1. The de Rham cohomology H
For the proof of Theorem 1 and 2 we refer the reader to the book [3] . 2
Abelian theories
The field-theoretic description of the de Rham and Dolbeault cohomologies can be given respectively by the following action functionals [4, 5] :
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is the integer part of the number
Solutions of equations associated with de Rham action are elements from Z k d (X). Exact forms from B k d (X) give trivial solutions. Therefore, the space of nontrivial solutions (moduli space) is given by the space
The de Rham theory generalizes Abelian Chern-Simons theory and Abelian topological BF theory defined respectively by the actions
where (1) , and ω (1) ∈ Ω 1 (X).
As an example, one can compare S ACS with S dR for n = 3:
Let us consider a complex n-manifold Y . The moduli space of solutions is a vector space which has the form
The Dolbeault theory described by S Dol generalizes
Abelian holomorphic BF theory with the action functional
where
Non-Abelian theories
There exist non-quadratic topological field theories for which partition functions can be exactly determined as well-defined quantities without actually having to evaluate the functional integrals. It happen when the theory is endowed with a lot of symmetry. Symmetries lead to constraints on the structure of the theory after quantisation. If there is enough symmetry then the structure of the quantum theory may completely determined by the constraints. 1 A topological gauge theory is by definition endowed with an abundance of symmetry: it is invariant under both gauge transformations and space diffeomorphisms. It has been realised that in the case of the ChernSimons gauge theory the resulting constraints on the structure of the quantised theory are strong enough to completely determine the partition function and expectation values of the Wilson loop observables without actually having to evaluate the functional integrals in general. 2 Chern-Simons theory. Let U = {U α } be a good covering of oriented smooth 3-manifold X, G a matrix Lie group, and g its Lie algebra. Denote by A a connection 1-form on a (topologically 1 A classic example where this happens is in the two-dimensional WZW conformal field theory. In fact there the constraints resulting from the conformal symmetry completely determine the structure of the quantum theory, in particular the fusion rules. 2 The possibility that topological invariants could be obtained via Chern-Simons gauge theory had been discussed in [6] .
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Topological field theories, branes, morphisms and categories A. A. Bytsenko trivial) principal G-bundle P over X. For such bundles A is a g-valued 1-form on X. Consider the action functional of non-Abelian topological Chern-Simons (CS) theory 
The collection {c αβ } of G-valued functions is aČech 1-cocycle in the non-AbelianČech cohomology [7] [8] [9] [10] , where the cocycle condi- Topological BF theories. A generalization of Chern-Simons theories to arbitrary dimensions is given by (topological) BF theories. The action functional for non-Abelian topological BF theory has the following form:
where F A is the curvature of a connection 1-form A on a topologically trivial principal G-bundle P over X, and B is a g-valued (n − 2)-form on X. The variation of the action with respect to B gives the Chern-Simons field equations, while variation with respect to A gives the equations Let Y be a complex n-dimensional manifold, G a complex matrix Lie group, g its Lie algebra, P a topologically trivial principal G-bundle over Y , A a connection 1-form on P, and F A = dA + A ∧ A its curvature. Consider holomorphic BF theories with the action functional
3)
Topological One can consider a procedure of constructing solutions to field equations and mapping solutions into one another (dressing transformations) [10] . This cohomological method of solving field equations is based on the equivalence ofČech and Dolbeault descriptions of holomorphic bundles and is a generalization to arbitrary dimensions of the dressing approach (Riemann-Hilbert problems) to solving integrable equations in two dimensions. Non-Abelian cohomological structure. Results of of holomorphic structure of BF theory can be formulate in terms of elements of homological algebra using sheaves of non-Abelian groups. Let G be a (complex) semisimple matrix Lie group, g its Lie algebra, P a principal G− bundle over complex n−manifold Y . Let F be the sheaf of germs of smooth G−valued functions on Y and E its subsheaf of holomorphic G−valued functions. Let P 0 be a (trivial) G−bundle over Y and A 0,1 the sheaf of flat (0,1)-connections on P 0 (germs of solutions to the equation of motions of (4.3) for the (0, 1)-component of a connection 1-form on P).
Remark 1. The de Rham-Čech isomorphism reduces differential equations dω
Let us introduce the sets of the following quatity: C 0 (U, F ) of 0-cochains of the covering U = {U α } of a manifold Y with values in F , Z 0 (U, F ) of 0-cocycles with values in F , C 1 (U, F ) of 1-cochains with values in F , Z 1 (U, F ) of 1-cocycles of the covering U with values in the sheaf F and the 1-cohomology H 1 (U, F ). It is clear that these sets contain the subsets C 0 (U, E ) , Z 0 (U, E ) , C 1 (U, E ) , Z 1 (U, E ) and H 1 (U, F ) respectively (for definitions we refer the reader to the book [11] 
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Topological field theories, branes, morphisms and categories A. A. Bytsenko exterior derivative on the bundle P 0 . One can construct the exact sequence of sheaves [7] [8] [9] 
where σ : E → F is an embedding of E into F ,δ 0 : F → A 0,1 is a map given for any open set U of the space Y ,δ 1 maps any flat (0, 1)-connection into zero, and e is a marked element of the considered sets, i.e. identity in the sheaf E ⊂ F and zero in the sheaf A 0,1 . Then the exact sequence of cohomology sets holds
where the map λ coincides with the canonical embedding by the embedding of sheaves σ : E → F . The kernel Ker λ = λ −1 (e) of the map λ coincides with a subset of equivalence classes of topologically trivial holomorphic bundles P. The following result holds [10] :
Categories
A category C consists of the following data:
• A class Ob C of objects A, B, C, . . .;
• A family of disjoint sets of morphisms Hom(A, B), one for each ordered pair A, B of objects;
• A family of maps Hom(A, B) × Hom(B,C) → Hom(A,C), one for each ordered triplet A, B, C of objects.
These data obey the axioms: Additive category. An additive category is a category in which each set of morphisms Hom(A, B) has the structure of an abelian group. The following axioms hold:
There is a null object 0 such that Hom(A, 0) and Hom(0, A) consist of one morphism for any A. A 7. To each pair of objects A 1 and A 2 there exists an object B and four morphisms A 1
Abelian category. It is an additive category A which satisfies the additional axiom: 
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The category of coherent sheaves is the abelian category A. The derived category. The definition of derived category D(A) proceeds as follows [12] (see also [13] ): • The homotopy category K(A) can be determined as follows: Ob K(A) = Ob Kom(A), Mor K(A) = Mor Kom(A) modulo homotopy equivalence.
• 
Topological D-branes
Let us address to a specific set of topological field theories with target space X. The sum of all such topological field theories gives D(X). The objects in D(X) is called topological branes [16] . These topological field theories can be build by making use the following processes:
• Take into account Witten's B-model [14, 15] .
• Add the notion of integral grading [16] .
• Construct specific kinds of marginal deformations of this theory to form a more general class of objects.
The dynamics of off-shell open string modes in the topological B-model is captured the holomorphic Chern-Simons action which defines a cubic string field theory. In order to write down this action, we must regard a holomorphic bundle E on Y as a C ∞ vector bundle equipped with a connection A so that F 0,2 (A) = 0. The off-shell boundary fields form an associative algebra
, where p represents the ghost number. A morphism∂ A represents the BRST operator Q acting on off-shell states, which defines a structure of differential graded algebra on A. The massless spectrum of the theory is parameterized by the graded vector space H = ⊕ 3 p=0 H 0,p (Y, End(E)), and the boundary chiral ring structure is defined by the Yoneda pairing on H. In addition the physical on-shell operators in string field theory correspond to elements of degree one in H, that is cohomology classes in H 0,1 (Y, End(E)).
It has been proved that the sum of a certain class of topological field theories on an algebraic variety X is equivalent (in some sense) to the bounded derived category of coherent sheaves (see, for example, the review paper [18] ). The finite collection of nontrivial sheaves E n is the objects in our category. We can say that the objects are D-branes and the morphisms are open strings. Composition of morphisms is then given by the Yoneda pairing [19] : 
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Topological field theories, branes, morphisms and categories A. A. Bytsenko which means that two open strings joining along a common boundary E m . There are the following conditions that these objects and morphisms need to satisfy in order to be a category: For every object there exists an identity morphism which is given by 1 n ∈ Ext 0 (E n , E n ); the morphisms are associative. The content of a topological field theory is given completely by its operator algebra. The topological field theory we are discussing is therefore completely equivalent to this category. By our construction we have described a category with a finite number of objects. The category T(X) of all possible topological D-branes on X has an infinite number of objects. Thus, the category associated to a particular topological field theory is a subcategory of T(X).
The open strings vertex operators (which deform the theory) must be ghost number one. Let us consider a theory with a single D-brane which is given by the locally free sheaf E . Then the ghost number one we have Ext 1 (E , E ). Ignoring potential obstructions in the moduli space this agrees with the expected deformations of the sheaf E (E can be associated with a vector bundle E, in that case Ext
. Let a open string stretching between two possibly distinct D-branes. It can be done assuming that each E n is actually a direct sum of two sheaves for all n, i.e. the sum E n ⊕ F n . We can restrict the maps in this complex for a particular string to being block-diagonal: δ E n : E n → E n+1 , δ F n : F n → F n+1 , δ 2 = 0 and with no δ maps mixing the E 's and F 's. Then we have two D-branes; one associated to E • and one associated to F • . The topological field theory is specified by a complex of locally free sheaves:
The original vector bundle E is finite-dimensional, thus this complex is bounded. Let us consider the sheaf given by Hom(E m , F n ). The vector spaces Hom(E m , F n ) is difer from the sheafs Hom(E m , F n ) which associates an open set U with local holomorphic maps from sections of the bundle E m over U to sections of the the bundle F n over U. The maps δ E n and δ F n induce a double complex:
while the single complex has the form
Here Hom q (E • , F • ) = ⊕ n Hom(E n , F n+q ) ,δ = δ E + δ F , and δ E and δ F anti-commute. The operator product is a generalization of the Yoneda pairing Hom
. Taking into account a decomposition E = ⊕ n∈Z E n , where E n is a B-brane with ghost number n, we may construct a general collection of D-branes in terms of a locally-free
Topological field theories, branes, morphisms and categories A. A. Bytsenko sheaf E . In addition the ghost number one operators in this B-model are therefore elements of Ext k (E n , E n−k+1 ) for any n and k.
Deformations in category
Remark 2. A functor F from category A to category B associates from each object A of A object F(A) from B and from each morphism α : A → B of A morphism F(α) : F(A) → F(B) of B such that F has the composition and identity morphisms:
If functor has properties F(A) → F(B) and F(B) → F(A) then it called the covariant functor.
Remark 3.
A chain map which induces an isomorphism on the cohomology groups of the complex is called a quasi-isomorphism. • For any quasi-isomorphism f , Q( f ) is an isomorphism.
• Any functor F : Kom(A) → B transforming quasi-isomorphisms into isomorphisms can be uniquely factorized through D(A). It means that there exists a unique functor
Following the lines of [18] let us consider the category K LF (X) of complexes of locally free sheaves on X and the morphisms in this category which are chain maps: a chain in K LF (X) maps to the corresponding D-brane in T(X), and a chain map in K LF (X) maps to an element of Hom
in T(X). Mapping cone construction. Let f be a quasi-isomorphism between two complexes f : E • → E • . Note that f * is an isomorphism. Indeed, let E • (F • ) be acyclic (be a complex with trivial cohomology) and let F • (E • ) be any complex. In this case the cohomology of Hom
Let us introduce the Cone of a map f of complexes.
Definition 1. The mapping cone
is acyclic iff the map f is a quasi-isomophism. As an example, for chain
If f is a quasi-isomorphism then its cone is acyclic. and the groups Hom P (Cone( f ), F • ) associated to the cone are zero. Thus
. provides the canonical isomorphism. Therefore a quasiisomorphism in K LF (X) maps to an isomorphism in T(X). Let us take into accout complexes over
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Topological field theories, branes, morphisms and categories A. A. Bytsenko an abelian category, it gives a possibility to use Theorem 3. Consider the category of coherent sheaves (the smoller category of locally-free sheaves is not abelian, since it does not contain its own cokernels). Let as befor Kom(X) denote the category of bounded complexes of coherent sheaves on X. We can defined a functor from Kom(X) to T(X), and therefore by Theorem 3 can constructed a functor G : D(X) → T(X) (see for details [18] ).
Monodromy
The monodromy acting on the derived category D(A) and is induced by a so-called FurierMukai transform [16] associated with some generator K • ∈ D(A). Action of the monodromy on a complex B • is given by
The projection maps from X × X to its first and second factors is:
Here △ ⊂ X × X is the diagonal embedding of X. For the monodromy action formula we have used the following transformations:
• Complex of sheaves B • on X has been pulling back to the inverse-image complex of sheaves
• The left-derived complex (hence the capital letter L) of sheaves on X has been constructed by taking the tensor-product with the generator K • .
• The right-derived complex (hence the capital letter R) of sheaves on X has been constructed by pushing-forward to the direct image complex p 1 (•).
In the case of A-branes monodromy associated with a movement around loops in the moduli space is purely classical. Way around non-contractible loops in the moduli space of complex structure leads to a non-trivial monodromy associated with the periods of the holomorphic 3-form over integral 3-cycles. In that case the monodromy can be interpreted as an automorphism of group H 3 (Y, Z) which preserves the intersection form between 3-cycles. The homology classes of Abranes undergo monodromy and as a consequence the A-branes themselves undergo monodromy.
In the B-brane case the brane charge is an element of H even (X, Z). Considering the case of the quintic 4 one can map between H 3 (Y, Z) and H even (X, Z). Therefore the monodromy action from the A-model into the B-model can be copied. 4 Let, as an example, Y be the quintic hypersurface in CP 4 . We can defined the mirror M as the orbifold Y /Z 3 5 . Since the virtue of mirror symmetry [20] the Kähler moduli space of Y is identified with the complex structure moduli space of M, which is described by the Picard-Fuchs equation:
Here the complex variable z spans the complex structurte moduli space M, θ z = zd/dz. Point of the Landau-Ginzburg potential of the moduli space Y is mirror to z = ∞. The limit of the large radius of Y is mirror to s = 0, while the conifold point of Y is mirror to z = 1. The periods ω k (z) correspond to these three points are singular.
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As an example, let us begin with a particular sheaf F and then compute the monodromy action on Chern character ch(F ). We can find examples where the resulting element of H even (X, Z) cannot correspond to the Chern character of any sheaf. (In the case of hyperbolic geometry some explicit results for the index of a Dirac operator, the Chern character and lowest K-groups, associated with topological charges of branes, the reader can find in [17] .) But going to the derived category solves these problems [18] . In category language we have a functor from D(X) to D(X) that is a bijection on the (isomorphism classes of) objects and that preserves the corresponding morphisms. Such situation on D(X) is always induced by a Fourier-Mukai transform.
Monodromy of the quintic. As an example, let us consider a monodromy about the LandauGinsburg point in the Kähler moduli space of the quintic. Such a monodromy is generated by [18] 
where the notation A ⊠ B to mean p * 1 A ⊗ p * 2 B for A, B ∈ D(X) has been introduced. The explicit monodromy calculations for O ∈ D(A) the reader also can find in [18] .
Hochschild cohomology of D-branes category
The closed string correlators perhaps can be constructed from the open ones using topological string theories as a model. This conjecture has been partially verifyed by means of computation of the Hochschild cohomology of the category of D-branes. a i a i+1 , a i+2 , . . . , a n ) + (−1) n+1 f (a 1 , . . . , a n )a n+1 . (9.1)
The cohomology of δ in degree n will be denoted HH n (A), a 1 , a 2 ) , a 3 )) = a 1 a 2 a 3 + t(ϕ(a 1 , a 2 )a 3 + ϕ (a 1 a 2 , a 3 ) ), m t (a 1 , m t (a 2 , a 3 )) = a 1 a 2 a 3 + t(a 1 ϕ(a 2 , a 3 ) + ϕ(a 1 , a 2 a 3 )), a 1 ϕ(a 2 , a 3 ) − ϕ(a 1 a 2 , a 3 ) + ϕ(a 1 , a 2 a 3 ) − ϕ(a 1 , a 2 )a 3 = 0 (since associativity of m t ).
The last condition is simply the condition δ ϕ = 0. A trivial deformation is given by the condition that A with the new multiplication is isomorphic to the original algebra structure. Thus there is
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Topological field theories, branes, morphisms and categories A. A. Bytsenko cohomology which classifies equivalence classes of deformations of such categories. A heuristic conjecture is: The space of physical closed strings is isomorphic to the Hochschild cohomology of the category of D-branes. For the topological Landau-Ginzburg models the category of D-branes can be thought of as the category of curved differential graded modules (CDG-modules) over a certain commutative CDG-algebra [22] . The Hochschild cohomology of the category of Landau-Ginzburg branes has been computed in [21] . Note also Landay-Ginzburg models on orbifolds, which can provide an alternative description of certain Calabi-Yau sigma-models (or so-called Gepner models [23] ).
